ABSTRACT. We show some computations related in particular to the motion by mean curvature flow of a submanifold inside an ambient Riemannian manifold evolving by Ricci or backward Ricci flow. Special emphasis is given to the analogous of Huisken's monotonicity formula and its connection with the validity of some Li-Yau-Hamilton Harnack-type inequalities in a moving manifold.
Let us assume we have a smooth, compact, immersed submanifold N with dim N = n evolving by the mean curvature flow in the ambient space M with dim M = m, the metric on N is the induced metric and we let µ to be the associated measure. We denote the normal indices with α, β, γ, . . . and the tangent ones with i, j, k, . . . , then,
Now we compute
Using (1.1) and integrating by parts we obtain
Adding and subtracting the quantity
This becomes
Finally, setting τ = T − t for some constant T ∈ R one obtains, for every t < T ,
where in the last passage we substituted u = e −f , as u > 0. Notice that
. This is Hamilton's result in [3] .
MOVING AMBIENT SPACE
Let us assume now that the metric of the ambient space evolves by the rule g t = −2Q (if Q = Ric we have the Ricci flow) and the backward heat equation is modified to
for some function K. If now we repeat the previous computation we have two extra terms, the first is coming from the modification to the equation for u, the second from the time derivative of the measure on N . Indeed, the associated metric on N is affected not only by the motion of the submanifold but also by the evolution of the ambient metric on M . After some computation we have
Therefore we get
where we substituted u = e −f , hence,
This computation suggests that a good choice is K = tr Q as the last term vanishes and we get
Moreover, notice that with the choice K = tr Q, we have
at least when the ambient manifold M is compact, hence the integral M u = M e −f is constant during the flow.
3. RICCI AND BACK-RICCI FLOW 3.1. Ricci Flow Case. We choose now Q = Ric, that is, the metric g on M evolves by the Ricci flow in some time interval (a, b) ⊂ R, and we set K = R to be the scalar curvature. By the previous computation we get
for a positive solution of the conjugate backward heat equation
and f = − log u. Hence,
Monotonicity of τ m−n 2 N u dµ is so related to the nonpositivity of the Li-Yau-Hamilton type
Notice that the same conclusion holds also if
) is a gradient soliton of Ricci flow and f its "potential" function, it is well known that u = e −f satisfies the conjugate heat equation (3.2) and we have
• Expanding Solitons: flow defined on (T min , +∞) and
Substituting, in the three cases, the above expression becomes
• Expanding Soliton:
T −t which is always negative as t ∈ (T min , T ).
• Steady Soliton:
T −t which is always negative as t ∈ (−∞, T ).
• Shrinking Soliton:
Proposition 3.1. If (M, g(t)) is a steady or expanding gradient soliton and f is its potential function, then monotonicity holds for every
) is a shrinking gradient soliton on (−∞, T max ) and f is its potential function, then monotonicity holds for every T ≤ T max .
Back-Ricci Flow Case.
If we choose Q = −Ric, that is, the metric g evolves by back-Ricci flow in some time interval (a, b) ⊂ R, and we set K = R to be the scalar curvature. By the previous computation we get
N u dµ is so related to the nonpositivity of the Li-Yau-Hamilton type expression
αβ . Notice that the same conclusion holds also if u t ≤ −∆u − Ru.
LI-YAU-HAMILTON HARNACK INEQUALITIES AND RICCI FLOW
• We denote with f ij = ∇ 2 ij f the second covariant derivative of f , then
• Let ω i a 1-form, then we have the following formula for interchanging of covariant derivatives
• II Bianchi Identity:
• Evolution equations for Ricci tensor and scalar curvature under Ricci flow:
• Evolution equations for Christoffel symbols under Ricci flow:
• Interchange of Laplacian and second derivatives:
where in the last passage we used the II Bianchi identity. Hence,
Computation I: Ricci Flow.
Suppose that u t = −∆u + Ru and u > 0, we want to show the nonpositivity of the term
for f = − log u which satisfies
Equivalently, if we had chosen f = log u, we can show the positivity of
for f = log u which satisfies
so finally, we get
Notice that the second and third lines gives the Hamilton's Harnack quadratic with a wrong term −Ric ij /τ .
4.2.
Computation II: Back-Ricci Flow. Suppose that u t = −∆u − Ru and u > 0, we want to show the nonpositivity of the term
Equivalently, if we had chosen f = log u we can show the positivity of
• Evolution equations for Ricci tensor and scalar curvature under back-Ricci flow:
∂ t Ric ij = −(∆Ric ij + 2Ric pq R ipjq − 2g pq Ric ip Ric qj ) ∂ t R = −(∆R + 2|Ric| 2 ) .
for a closed curve moving by its curvature k inside a surface evolving by g t = 2Ric = Rg, we have
where ν is the unit normal to the curve γ.
4.4.
A Very Special Case. In dimension 2, for a surface with positive and bounded scalar curvature, we consider the scalar curvature function u = R > 0. It satisfies u t = −∆u − Ru as, under the back-Ricci flow, we have
In this case we can get directly the monotonicity formula
as the Li-Yau quadratic in this case, that is,
νν log R + R/2 + 1 2τ , is nonnegative being exactly the "special" form of Hamilton-Harnack inequality for surfaces with positive scalar curvature (see [1] ). This inequality becomes an equality (for every curve) iff M is a gradient expanding Ricci soliton with R > 0 and k = ∇ ⊥ log R.
